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1. Introduction
The aim of this paper is to present the basic results on the so called asymmetric normed spaces, by analogy with the classical theory of normed linear
spaces. An asymmetric norm is a positive sublinear functional p defined on a
real linear space X such that p(x) = p(−x) = 0 implies x = 0. This functional
can be obtained as the Minkowski gauge functional of an absorbing convex
subset, and the possibility p(x) = p(−x) is not excluded, explaining the adjective ”asymmetric”. Asymmetric metric spaces are called quasi-metric spaces.
It is difficult to localize the first moment when asymmetric norms were used,
but it goes back as early as 1968 in a paper by Duffin and Karlovitz [50], who
proposed the term asymmetric norm. Krein and Nudelman [94] used also asymmetric norms in their study of some extremal problems related to the Markov
moment problem. Remark that the relevance of sublinear functionals for some
problems of convex analysis and of mathematical analysis was emphasized also
by H. König, see [86, 87, 89] and the survey paper [88]. But a systematic study
of the properties of asymmetric normed spaces started with the papers of S.
Romaguera, from the Polytechnic University of Valencia, and his collaborators
from the same university and from other universities in Spain: Alegre, Ferrer,
Garcı́a-Raffi, Sánchez Pérez, Sánchez Álvarez, Sanchis, Valero (see the bibliography at the end of this paper). Beside its intrinsic interest, their study was
motivated also by the applications in Computer Science, namely to the complexity analysis of programs, results obtained in cooperation with Professor
Schellekens from National University of Ireland.
A general idea about the topics included in this survey can be obtained
from the above contents. Due to the fact that completeness and compactness
play a central role in functional analysis, we emphasize in the second section
some of the difficulties arising in studying the relations between completeness,
compactness, total boundedness and precompactness within the framework of
quasi-metric and quasi-uniform spaces.
A word must be said about notation. We denote by N = {1, 2, . . . } the set of
natural numbers (positive integers). Intervals are denoted by [a; b], (a; b), (a; b],
[a; b), while the notation (a, b) is used to designate an ordered pair. A closed ball
∗ This

research was supported by Grant CNCSIS 2261,Contract 543/2008.

4

S. Cobzaş

in a quasi-metric space (X, ρ) is denoted by Bρ [x, r] = {y ∈ X : ρ(x, y) ≤ r},
and an open ball by Bρ (x, r) = {y ∈ X : ρ(x, y) < r}. The closed unit ball of
an asymmetric normed space (X, p) is denoted by Bp , the open unit ball by Bp
and the unit sphere by Sp . The rest of the notation is standard or explained in
the text.
1.1. Quasi-metric spaces and asymmetric normed spaces
A quasi-semimetric on an arbitrary set X is a mapping ρ : X × X → [0; ∞)
satisfying the following conditions:
(QM1)

ρ(x, y) ≥ 0,

(QM2)

ρ(x, z) ≤ ρ(x, y) + ρ(y, z),

and

ρ(x, x) = 0;

for all x, y, z ∈ X. If, further,
(QM3)

ρ(x, y) = ρ(y, x) = 0 ⇒ x = y,

for all x, y ∈ X, then ρ is called a quasi-metric. The pair (X, ρ) is called a
quasi-semimetric space, respectively a quasi-metric space. The conjugate of
the quasi-semimetric ρ is the quasi-semimetric ρ̄(x, y) = ρ(y, x), x, y ∈ X. The
mapping ρs (x, y) = max{ρ(x, y), ρ̄(x, y)}, x, y ∈ X, is a semimetric on X which
is a metric if and only if ρ is a quasi-metric. Sometimes one works with extended
quasi-semimetrics, meaning that the quasi-semimetric ρ can take the value +∞
for some x, y ∈ X. The following inequalities hold for these quasi-semimetrics
for all x, y ∈ X:
(1.1)

ρ(x, y) ≤ ρs (x, y)

and

ρ̄(x, y) ≤ ρs (x, y).

An asymmetric norm on a real vector space X is a functional p : X → [0, ∞)
satisfying the conditions
(AN1) p(x) = p(−x) = 0 ⇒ x = 0;

(AN2) p(αx) = αp(x);

(AN3) p(x + y) ≤ p(x) + p(y),
for all x, y ∈ X and α ≥ 0. If p satisfies only the conditions (AN2) and (AN3),
then it is called an asymmetric seminorm. The pair (X, p) is called an asymmetric normed (respectively seminormed) space. Again, in some instances,
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the value +∞ will be allowed for p in which case we shall call it an extended
asymmetric norm (or seminorm). An asymmetric seminorm p defines a quasisemimetric ρp on X through the formula
(1.2)

ρp (x, y) = p(y − x), x, y ∈ X.

Defining the conjugate asymmetric seminorm p̄ and the seminorm ps by
(1.3)

p̄(x) = p(−x)

and

ps (x) = max{p(x), p(−x)}

for x ∈ X, the inequalities (1.1) become
(1.4)

p(x) ≤ ps (x)

and

p̄(x) ≤ ps (x),

for all x ∈ X. Obviously, ps is a norm when p is an asymmetric norm.
The conjugates of ρ and p are denoted also by ρ−1 and p−1 , a notation that
we shall use occasionally.
If (X, ρ) is a quasi-semimetric space, then for x ∈ X and r > 0 we define
the balls in X by the formulae
Bρ (x, r) ={y ∈ X : ρ(x, y) < r} - the open ball, and
Bρ [x, r] ={y ∈ X : ρ(x, y) ≤ r} - the closed ball.
In the case of an asymmetric seminormed space (X, p) the balls are given
by
Bp (x, r) = {y ∈ X : p(y − x) < r}, respectively
Bp [x, r] = {y ∈ X : p(y − x) ≤ r}.
The closed unit ball of X is Bp = Bp [0, 1] and the open unit ball is Bp =
Bp (0, 1). In this case the following formulae hold true
(1.5)

Bp [x, r] = x + rBp

and

Bp (x, r) = x + rBp ,

that is, any of the unit balls of X completely determines its metric structure.

, respectively.
If necessary, these balls will be denoted by Bp,X and Bp,X
The conjugate p̄ of p is defined by p(x) = p(−x), x ∈ X, and the associate
seminorm is ps (x) = max{p(x), p̄(x)}, x ∈ X. The seminorm p is an asymmetric
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norm if and only if ps is a norm on X. Sometimes an asymmetric norm will be
denoted by the symbol  · |, a notation proposed by Krein and Nudelman, [94,
Ch. IX, §5], in their book on the theory of moments.
Remark 1.1 - Since the terms ”quasi-norm”, ”quasi-normed space” and ”quasiBanach space” are already ”registered trademarks” (see, for instance, the survey by Kalton [77]), we can not use these terms to designate an asymmetric
norm, an asymmetric normed space or an asymmetric biBanach space. A quasinormed space is a vector space X equipped with a functional  ·  : X → [0; ∞),
satisfying all the axioms of a norm, excepting the triangle inequality which is
replaced by:
x + y ≤ C(x + y), x, y ∈ X,
for some constant C ≥ 1. It is obvious that for C = 1 the functional  · 
is a norm. The reverse situation is also encountered: in [169] a quasi-metric
space is a metric space (X, ρ) in which the triangle inequality is replaced by
ρ(x, z) ≤ C (ρ(x, y) + ρ(y, z)) , for some C > 0.
1.2. The topology of a quasi-semimetric space
The topology τ (ρ) of a quasi-semimetric space (X, ρ) can be defined starting
from the family Vρ (x) of neighborhoods of an arbitrary point x ∈ X:
V ∈ Vρ (x) ⇐⇒ ∃r > 0 such that Bρ (x, r) ⊂ V

⇐⇒ ∃r > 0 such that Bρ [x, r ] ⊂ V.

To see the equivalence in the above definition, we can take, for instance,
r = r/2.
A set G ⊂ X is τ (ρ)-open if and only if for every x ∈ G there exists
r = rx > 0 such that Bρ (x, r) ⊂ G. Sometimes we shall say that V is a
ρ-neighborhood of x or that the set G is ρ-open.
The convergence of a sequence (xn ) to x with respect to τ (ρ), called ρρ
convergence and denoted by xn −
→ x, can be characterized in the following
way
(1.6)

ρ

→ x ⇐⇒ ρ(x, xn ) → 0.
xn −
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Also
(1.7)

ρ̄

→ x ⇐⇒ ρ̄(x, xn ) → 0 ⇐⇒ ρ(xn , x) → 0.
xn −

Using the conjugate quasi-semimetric ρ̄ one obtains another topology τ (ρ̄).
A third one is the topology τ (ρs ) generated by the semimetric ρs . Sometimes,
(see, for instance, Menucci [108] and Collins and Zimmer [36]) the balls with
respect to ρ are called forward balls and the topology τ (ρ) is called the forward
topology, while the balls with respect to ρ̄ are called backward balls and the
topology τ (ρ̄) the backward topology. We shall use sometimes the alternative
notation τρ , τρ̄ , τρs to designate these topologies.
As a space with two topologies, τρ and τρ̄ , a quasi-semimetric space can be
viewed as a bitopological space in the sense of Kelly [79] (see also the book [52])
and so, all the results valid for bitopological spaces apply to a quasi-semimetric
space. A bitopological space is simply a set T endowed with two topologies τ
and σ. A bitopological space is denoted by (T, τ, σ).
The following example is very important in what follows.
Example 1.2 - On the field R of real numbers consider the asymmetric norm
u(α) = α+ := max{α, 0}. Then, for α ∈ R, ū(α) = α− := max{−α, 0} and
us (α) = |α|. The topology τ (u) generated by u is called the upper topology
of R, while the topology τ (ū) generated by ū is called the lower topology of
R. A basis of τ (u)-neighborhoods of a point α ∈ R is formed of the intervals
(−∞; α + ),  > 0. A basis of τ (ū)-neighborhoods is formed of the intervals
(α − ; ∞),  > 0.
In this space the addition is continuous from (R × R, τu × τu ) to (R, τu ), but
the multiplication is not continuous at any point (α, β) ∈ R × R.

The continuity property can be directly verified. To see the last assertion,
let V = (−∞; αβ + ), be a τu -neighborhood of αβ, for some  > 0. Since the
τu -neighborhoods of α and β contain −n, for n ∈ N sufficiently large, it follows
that n2 = (−n)(−n) does not belong to V, for n large enough.
Other important topological example is the so called Sorgenfrey topology
on R.
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Example 1.3 - [The Sorgenfrey line] For x, y ∈ R define a quasi-metric ρ by
ρ(x, y) = y − x, if x ≤ y and ρ(x, y) = 1 if x > y. A basis of τρ -neighborhoods
of a point x ∈ R is formed by the family [x; x + ), 0 <  < 1. The family of
intervals (x−; x], 0 <  < 1, forms a basis of τρ̄ -neighborhoods of x. Obviously,
the topologies τρ and τρ̄ are Hausdorff and ρs (x, y) = 1 for x = y, so that τ (ρs )
is the discrete topology of R.
We shall present, for the convenience of the reader, the separation axioms.
A topological space (T, τ ) is called
• T0 if for any pair s, t of distinct points in T , at least one of them has a
neighborhood not containing the other;
• T1 if for any pair s, t of distinct points in T , each of them has a neighborhood not containing the other (this is equivalent to the fact that the
set {t} is closed for every t ∈ T );
• Hausdorff or T2 if for any pair s, t of distinct points in T , there exist
neighborhoods U of s and V of t such that U ∩ V = ∅;
• regular if for each t ∈ T and each closed subset S of T, not containing t,
there are disjoint open subsets U, V of T such that t ∈ U and S ⊂ V. In
other words a point and a closed set not containing it can be separated
by open sets. This is equivalent to the fact that every point in T has a
neighborhood base formed of closed sets. If T is regular and T1 , then it
is called a T3 space.
• completely regular, or Tychonoff, or T3 12 , if for every t ∈ T and every
closed subset S of T not containing t there is a continuous function f :
T → [0; 1] such that f (t) = 1 and f (s) = 0 for each s ∈ S.
• normal if any pair S1 , S2 of disjoint closed sets can be separated by open
sets, that is there exist two disjoint open sets G1 ⊃ S1 and G2 ⊃ S2 . A
normal T1 space is called a T4 space.
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We introduce, following Kelly [79], some separation properties specific to
a bitopological space (T, τ, σ). The bitopological space (T, τ, σ) is called pairwise Hausdorff if for each pair of distinct points s, t ∈ T there exists a τ neighborhood U of s and a σ-neighborhood V of t such that U ∩ V = ∅. It is
obvious that if T is pairwise Hausdorff, then each of the topologies τ and σ
are T1 . The topology τ is called regular with respect to σ if every t ∈ T has a
τ -neighborhood base formed of σ-closed sets or, equivalently, if for every t ∈ T
and every τ -closed subset S of T not containing t, there exist a τ -open set U
and a σ-open set V such that t ∈ U, S ⊂ V and U ∩ V = ∅. The bitopological
space (T, τ, σ) is called pairwise regular if τ is regular with respect to σ and σ
is regular with respect to τ. The bitopological space (T, τ, σ) is called pairwise
normal if given a τ -closed subset A of T and a σ-closed subset B of T with
A ∩ B = ∅, there exist a σ-open subset U of T and a τ -open subset V of T
such that A ⊂ U, B ⊂ V, and U ∩ V = ∅. Using these notions, Kelly proved in
[79] some extension and existence results for semicontinuous functions similar
to the classical theorems of Tietze and Uryson. Note also the following result
from Kelly [79].
Theorem 1.4. If (T, τ, σ) is a pairwise regular bitopological space such that
both τ and σ satisfy the second axiom of countability, then it is quasi-semimetrizable. If further, T is pairwise Hausdorff, then it is quasi-metrizable.
A bitopological space (T, τ, σ) is called quasi-semimetrizable if there exists
a quasi-semimetric ρ on T such that τ = τρ and σ = τρ̄ . If ρ is a semimetric,
then τ = σ. The following topological properties are true for quasi-semimetric
spaces.
Proposition 1.5. If (X, ρ) is a quasi-semimetric space, then
1. Any ball Bρ (x, r) is τ (ρ)-open and a ball Bρ [x, r] is τ (ρ̄)-closed. The ball
Bρ [x, r] need not be τ (ρ)-closed.
Also, the following inclusions hold
Bρs (x, r) ⊂ Bρ (x, r) and Bρs (x, r) ⊂ Bρ̄ (x, r),
with similar inclusions for the closed balls.

